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We present Noether's second theorem for graded Lagrangian systems of even and odd 
variables on an arbitrary body manifold X in a general case of BRST symmetries depending 
on derivatives of dynamic variables and ghosts of any finite order. As a preliminary step, 
Noether's second theorem for Lagrangian systems on fiber bundles Y ^ X possessing gauge 
symmetries depending on derivatives of dynamic variables and parameters of arbitrary order 
is proved. 

I. INTRODUCTION 

Different variants of Noether's second theorem state that, if a Lagrangian admits sym- 
metries depending on parameters, its variational derivatives obey certain relations, called 
the Noether identities. We present Noether's second theorem in the case of BRST transfor- 
mations depending on derivatives (jets) of dynamic variables and ghosts of arbitrary order. 
In particular, this is the case of the field-antifield BRST theory and BV quantization.^'^ 
A special attention is paid to global aspects of Noether's second theorem as a preliminary 
step of the global analysis of BV quantization.^'^ 
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We start with a classical Lagrangian system on a fiber bundle Y ^ X subject to 
even gauge transformations depending on even dynamic variables, even parameters and 
their derivatives of any order. For this purpose, we consider Lagrangian formalism on the 
composite fiber bundle E ^ Y ^ X , where E Y is a vector bundle of gauge parameters. 
Accordingly, gauge transformations are represented by a linear differential operator v on E 
taking its values in the vertical tangent bundle VY of Y X (Section II). The Noether 
identity for a Lagrangian L is defined as a differential operator A on the fiber bundle (13) 
which takes its values in the density-dual 

E*^AT*X, n^dimX, (1) 

Y 

of E and whose kernel contains the image of the Euler-Lagrange operator 6L of L, i.e., 
Ao SL — (Definition 4). Expressed in these terms, Noether's second theorem (Section III, 
Theorem 5) follows at once fom the properties of differential operators on dual fiber bundles 
(Appendix A, Theorem 16). Namely, there exists the intertwining operator 77(1;) = A, 
r]{A) — V such that 

V{v{v))=v, ry(ry(A)) = A, (2) 
rj{v ov') ^r]{v') or]{v), r){A' o A) ^ r]{A) o r]{A'). (3) 

The appropriate notions of reducible Noether identities and gauge symmetries are formu- 
lated, and their equivalence with respect to the intertwining operator r] is proved (Section 
IV). 

This formulation of Noether's second theorem is generalized to the case of graded La- 
grangian systems of even and odd variables and BRST symmetries (Section VII, Theorem 
15). We describe odd variables and their jets on an arbitrary smooth manifold X as gener- 
ating elements of the structure ring of a graded manifold whose body is X.^'^ This definition 
differs from that of jets of a graded fiber bundle,^ but reproduces the heuristic notion of 
jets of ghosts in the above mentioned field-antifield BRST theory.^'^ 

We consider BRST symmetries of a graded Lagrangian, i.e., its nilpotent odd symmetries 
depending on ghosts as parameters (Section VI). In particular, BRST symmetries come from 
the above mentioned gauge symmetries by replacement of even parameters with odd ghosts 
(Example 5). In this case, the nilpotency condition implies that original gauge symmetries 
form an algebra. 

The key point is that, in order to define the Noether identity associated to BRST 
symmetries, one should introduce antifields and the Koszul-Tate differential. If a Noether 
identity is reducible, (0 < A;)-stage ghosts and antighosts are called into play (Section VIII), 
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and we come to the complete tuple of fields, ghosts and antifields in the field-antifield BRST 
theory.^ We however leave this theory outside the scope of the present work, and keep an 
original graded Lagrangian independent of ghosts and antifields. 

II. GAUGE SYSTEMS ON FIBER BUNDLES 

Recall that an r-order Lagrangian on a fiber bundle Y ^ X is defined as a density 

Cu : rY ^AT*X, u ^ dx^ A ■ ■ ■ A dx"", (4) 

on the r-order jet manifold J^Y of sections oiY ^ X. Jet manifolds oiY ^ X make up 
the inverse system 

X^Y^^J^Y < r-^Y^MrY< . (5) 

In the sequel, the index r = stands for Y. Accordingly, we have the direct system 

o*x ^ o*Y ^ o*Y — >■■■ o;_^Y "-H* o;y — >■■■ (e) 

of graded differential algebras (henceforth GDAs) 0*Y of exterior forms on jet manifolds 
J^Y with respect to the pull-back monomorphisms 7r^„i*. Its direct limit O^^Y is a GDA 
consisting of all exterior forms on finite order jet manifolds modulo the pull-back identifi- 
cation. 

The projective hmit (J°°F, vr^ : J^Y — > J'^Y) of the inverse system (5) is a Frechet 
manifold.^ A bundle atlas {{Uy; x^, y^)} of y — > X yields the coordinate atlas 

of J°°F, where A = (Afe...Ai) is a symmetric multi-index, A -|- A = (AAfe...Ai), and 

dx^dx+ Vx+A^t dA^dx^o---o dx, (8) 

0<|A| 

are the total derivatives. There is the restriction epimorphism O^^Y — > O^C/y. Therefore, 
Ol^Y can be written in a coordinate form where the horizontal one-forms {dx^} and the 
contact one-forms {9X — dy\ — y^+^dx'^} are generating elements of the C^C/y-algebra 
OIJJy- Though J°°y is not a smooth manifold, elements of O*^ are exterior forms on 
finite order jet manifolds and, therefore, their coordinate transformations are smooth. 

There is the canonical decomposition O^^Y = (BO^Y of O^^Y into C^F-modules 
O^Y of /c-contact and m-horizontal forms together with the corresponding projectors 
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hk : Ol^Y O^Y and : 0*^Y 0*^Y . Accordingly, the exterior differential on 
Ol^Y is split into the sum d = dn + dy oi the nilpotent total and vertical differentials 

dH{(t>)^dx''^dx4>, dvi(p)^eiAd^(P, 4>eOU. 

One also introduces the M-module projector 

0<A; 0<|A| 

of Ol^Y such that go dn = 0, and the nilpotent variational operator S — go d on 0*J^Y . 
Let us put Efc = Then the GDA O*^ is spht into the well-known variational 

bicomplex.^'^"^'^ Here, we are concerned with its variational subcomplex 

^ E ^ OlJ ^ O^^Y • • • ^ ^ El ^ E2 — (10) 

and the subcomplex of one-contact forms 

o^o^°y^e)^^y---^e)^"y-^Ei^o. (ii) 

They possess the following cohomology.^'^'^^ 

Theorem 1: The cohomology of the variational complex (10) equals the de Rham cohomol- 
ogy of Y. 

Theorem 2: The complex (11) is exact. 

Any finite order Lagrangian L (4) is an element of O^Y, while 

SL^£i0'Au;= ^ (-l)l^ldA(9f£)e' Ao; e El (12) 

0<|A| 

is its Euler-Lagrange operator taking the values in the vector bundle 

T*Y A(A T*X) = V*Y | A T*X. (13) 

The components £i of SL are called the variational derivatives. We further abbreviate A^i 
with an equahty which holds on-shell. This means that A is an element of a module over 
the ideal II of the ring C^Y which is locally generated by the variational derivatives Si 
(12) and their total derivatives dA^i- Thus, II is a differential ideal. 

By virtue of Theorem 1, every (5-closed Lagrangian L e O^Y is the sum 

L^hoiJ + dHa, (7eC»^"-^r, (14) 
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where is a closed n-form on Y. Theorem 2 provides the R-module decomposition 

Given a Lagrangian L e O'^Y, we have the corresponding decomposition 

dL^SL- dff^ (15) 

where S^ = S + Lisa Lcpagcan equivalent of L. 

Let c)C^F be the Cj^F-module of derivations of the R-ring C^F. Any 13 E dC^Y 
yields the graded derivation (the interior product) of the GDA O^^Y given by the 
relations 

m-m, f^o^Y, 

(0 A a) = (i?J(/)) Aa + (-l)!"^!*/) A {^\a), (f),a E O^Y, 

and its derivation (the Lie derivative) 

L^<P^'&\d<f> + d{^\cf>), (PeOl^Y, (16) 
U{(f) A (f)') = U{(f)) A(f)' + (f)A L4(f)'). 

Relative to an atlas (7), a derivation e ''C'to reads'^ 

|A|>0 

where the tuple of derivations {dx, d(^} is defined as the dual of the set {dx^, dy\} of 
generating elements for the O^-algebra with respect to the interior product J, and 
local functions ■d^,-d'^,-d\ e obey the transformation law 
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Note that the tuple of derivations {d^} is the dual of the basis {9\} of contact forms. 

A derivation is called contact if the Lie derivative (16) preserves the contact ideal 
of the GDA O^^Y generated by contact forms. A derivation i) (17) is contact iff 

= dA(^^ - y^i^n + < |A|. (19) 

Any contact derivation admits the horizontal splitting 

^^^jj + ^y^ ^^dx + {v% + Yl dA'^'d^): v'^^'- vi^^, (20) 

0<|A| 
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relative to the canonical connection V = dx^ (E) d\ on the C°°(X)-ring 0^.^'^^ Its vertical 
part is completely determined by the first summand 

= < |A| < A;. (21) 

This is a section of the pull-back VY x J^Y J^Y of the vertical tangent bundle VY Y 

Y 

onto J^Y i.e., v (21) is a /c-order l^F-valued differential operator on Y (see Appendix 
A). One calls this differential operator the generalized vector field OTi Y. 

Proposition 3: It follows from the splitting (15) that the Lie derivative of a Lagrangian L 
(4) along a contact derivation (20) fulfills the first variational formula 

UL = v\6L + dnihoi^l^L)) + Cdv{^H\u;), (22) 
where is a Lepagean equivalent of L.^ 

A contact derivation 'd (20) is called variational if the Lie derivative (22) is dfj-exact, 
i.e., L^L = dncr, o" G 0^~^. A glance at the expression (22) shows that: (i) a contact 
derivation i) is variational only if it is projected onto X (i.e., its components i}^ depend 
only on coordinates on X) , (ii) 'd is variational iff its vertical part 'dy is variational, (iii) it 
is variational if v\SL is (ij/-exact. 

By virtue of item (ii), we can restrict our consideration to vertical contact derivations 
1? = "dv A generalized vector field v (21) is called a variational symmetry of a Lagrangian 
L if it generates a variational vertical contact derivation. 

One can also consider locally- variational contact derivations when the Lie derivative (22) 
is (5-closed, but any locally-variational gauge symmetry is always variational (see Remark 
1 below). 

Turn now to the notion of a gauge symmetry. A Lagrangian system on a fiber bundle 
y — > X is said to be a gauge theory if its Lagrangian L admits a family of variational 
symmetries parameterized by elements of a vector bundle — > y as follows. 

Let — > y be a vector bundle coordinated by {x^, y*, ^''). Given a Lagrangian L on Y, 
let us consider its pull-back, say again L, onto E. Let be a vertical contact derivation 
of the R-ring O^E whose restriction 

^^Moo^Y= J2 dAv'dt (23) 

0<|A| 

to O^Y C O^E is linear in coordinates ^S- It is determined by a generahzed vector field 
(i.e., a valued differential operator) ve on E whose canonical projection 

V : J^E^VE ^ ExVY 

Y 
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(see the exact sequence (35) below) is a linear l^F-valued differential operator 

vr{^\ymdi (24) 

0<|S|<m 

on E. Let be a variational symmetry of a Lagrangian L on E, i.e., 

VE\SL^v\SL^dHcr. (25) 

Then one says that v (24) is a gauge symmetry of a Lagrangian L on Y. 

Remark 1: As was mentioned above, any locally-variational gauge symmetry 'dE, when the 
Lie derivative L^^L is 5-closed, is variational. By virtue of Theorem 1, L^^L takes the 
form (14) where ip is a closed form on E. Since E ^ Y is a vector bundle, F is a strong 
deformation retract of E and, consequently, the de Rham cohomology of E equals that of 
Y. Then any closed form on is the sum of the pull-back of a closed form on Y and an 
exact form on E. The former is independent of fiber coordinates C,^ on E ^ Y. Since the 
Lie derivative L^L is linear in ^j^, it is always (ii^-exact, i.e., is variational. 



III. NOETHER'S SECOND THEOREM I 

Let us start with the notion of the Noether identity. 

Definition 4: Given a Lagrangian L (4) and its Euler-Lagrange operator SL (12), let — > y 
be a vector bundle and A a linear differential operator of order < m on the vector bundle 
(13) with the values in the density-dual E* (1) of E such that 

AoSL=0. (26) 

This condition is called the Noether identity, and A is the Noether operator. 

Given bundle coordinates {x^,y'^,yj) on the fiber bundle (13) and {x^jy^,^"^) on E, a 
Noether operator A in Definition 4 is represented by the density 

A = A,ra;= ^ Al'\x\yi)y^,Coo e 0'^^[E xV*Y], < |E| < m, (27) 

0<|A|<m ^ 

(see Appendix A) . Then the Noether identity (26) takes the coordinate form 

[ J2 A;'X.^,]ra; = 0, (28) 

0<|A|<m 
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where £i are variational derivatives (12). 
Remark 2: We further use the relations 



BHkA= {-lt^dK{B'^)A + dHa, (29) 

0<|A|<fe 0<|A|<ifc 

Y (-l)l^ldA(SM) = Y viB)''da, (30) 

0<|A|<fe 0<|A|<fe 

0<|E|<fc-|A| 

{rior)){B)^^B\ (32) 

for any exterior forms A' G O^^Z, A G O^^Z and any local function G O'^Z on jet 
manifolds of a fiber bundle Z ^ X. 

Theorem 5: If a Lagrangian L (4) admits a gauge symmetry v (24), its Euler-Lagrange 
operator obeys the Noether identity (28) where 

^;^^r^{v)^^= E {-ir^^^C\^^^\d^vr^\ (33) 

0<l^|<-m-|A| 

Conversely, if the Euler-Lagrange operator of a Lagrangian L obeys the Noether identity 
(28), this Lagrangian admits a gauge symmetry v (24) where 

t;;"^ = ^(A);-^ = Y (-i)i^+^iqiSL^^^f^^- (34) 



1S+Ar 
0<|S|<m-|A| 



The relations (2) hold. 



Proof: Given a differential operator v (24), the operator A = r]{v) expressed in the coordi- 
nate form (33) is defined in accordance with Theorem 16. Since the density 

0<|S|<m 

is (ii^-exact, the Noether identity 

S{v}SL) =7]{v)oSL^0 

holds. Conversely, any Noether operator A (27) defines the yF-valued differential operator 
V — r){A) on E expressed in the coordinate form (34). This differential operator gives rise 
to a valued differential operator (i.e., a generalized vector field) ve on E and, thus. 
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defines a contact derivation -^e of O'^E. Indeed, let us consider tlie exact sequence of vector 
bundles 

^ VyE ^VE ^ ExVY ^0, (35) 

Y 

where VyE is the vertical tangent bundle of E ^ Y. Any splitting F of this exact sequence 
lifts V to the generalized vector field ve = T o v on E, but the Lie derivative L^^L is 
independent of the choice of a splitting F. Due to the Noether identity (28), we obtain 

0= Yl rA;'X^.a;= Yl (-l)l^lciA(rA;'^)^.u; + dHa = 

0<|A|<m 0<|A|<m 

vl'^^^LSiU; + dncr — v\5L + dncr, 

0<|S|<m 

i.e., is a gauge symmetry of L. Due to the equality (32), the relations (2) hold. 

Example 3: If a gauge symmetry 

v^{vie + v';^Qd, (36) 

is of first jet order in parameters, the corresponding Noether operator and Noether identity 
read 

^^M^r'^ A^'^ = -i;;'^ (37) 
[v% - d^{vi:''£i)]i'uj = 0. (38) 



Any Lagrangian L has gauge symmetries. In particular, there always exist trivial gauge 
symmetries 

A S 

corresponding to the trivial Noether identity 

E,A 

Furthermore, given a gauge symmetry v (24), let /i be a linear differential operator on some 
vector bundle E' Y, coordinated by {x^,y^,^'^), with values in the vector bundle E. 
Then the composition 

S+S'=A 0<|S|<m-|E;| 
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is a variational symmetry of the pull-back onto E' of a Lagrangian L on F, i.e., a gauge 
symmetry of L. In view of this ambiguity, we agree to say that a gauge symmetry v (24) 
of a Lagrangian L is complete if a different gauge symmetry v'^ of L factors through v as 

i;^ = o /i + T, T 0. 

A complete gauge symmetry always exists, but the vector bundle of its parameters need 
not be finite- dimensional. 

Accordingly, given the Noether operator (27), let H he a, linear differential operator 
on E* with values in the density-dual E'* (1) of some vector bundle E' — > Y . Then the 
composition A' = o A ia also a Noether operator. We agree to call the Noether operator 
(27) complete if a different Noether operator A' factors through A as 

A' = o A + F, F f« 0. 

Proposition 6: A gauge symmetry v of a Lagrangian L is complete iff so is the associated 
Noether operator. 

Proof: The proof follows at once from Proposition 17 in Appendix A. Given a gauge sym- 
metry V of L, let v'q be a different gauge symmetry. If r]{v) is a complete Noether operator, 
then 

r^iv'f^) = Ho r){v) + F, F 0, 

and, by virtue of the relations (3), we have 

v'o = von{H)+ri{F), 

where ri{F) because II is a differential ideal. The converse is similarly proved. 

Example J^: Let us consider the gauge theory of principal connections on a principal bundle 
P X with a structure Lie group G}^ These connections are represented by sections of 
the quotient 

C = J^P/G X, (39) 

called the bundle of principal connections. This is an affine bundle coordinated by {x^, a^) 
such that, given a section A of C — > X, its components = o A are coefficients of 
the familiar local connection form (i.e., gauge potentials). Let J°°C be the infinite order 
jet manifold oi C ^ X coordinated by (a;'^,a^;^), < |A|. We consider the GDA 0*^C. 



10 



Infinitesimal generators of local one-parameter groups of automorphisms of a principal 
bundle P are G-invariant projectable vector fields on P ^ X. They are associated to 
sections of the vector bundle TqP = TP/G X. This bundle is endowed with the 
coordinates {x^, = x^, C,"^) with respect to the fiber bases {dx, Cr} for TqP, where {e^} is 
the basis for the right Lie algebra of G such that [e^, e^] = CpgCr- If 

u — u^dx + U^Cr, V — v^dx + V^Cr, (40) 

are sections of TqP X, their bracket reads 

[u, v] = {u^d^v^ - v''d^u^)dx + {u^dxv'' - v^Oxu"" + clguPv'^)er. (41) 

Any section u of the vector bundle TqP ^ X yields the vector field 

uc = u^dx + (c;^a>^ + dxu'- - a^-^dxu^)d^ (42) 

on the bundle of principal connections C (39). It is an infinitesimal generator of a one- 
parameter group of automorphisms of C}"^ Let us consider the bundle product 

E^Cx TgP, (43) 

X 

coordinated by {x^,T^,^^,a\). It can be provided with the generalized vector field 

VE^v^ icl.al^'^ + Cx- alT^x - r^^lx)d^- (44) 

For instance, this is a gauge symmetry of the global Chern-Simons Lagrangian.^"^ Let us 
consider a subbundle VqP = V P/G — X of the vector bundle TqX coordinated by (x'^, .^''). 
Its sections u = u^Cr are infinitesimal generators of vertical automorphisms of P. Let us 
restrict the bundle product (43) to 

E^Cx VgP. (45) 

X 

It is provided with the generalized vector field 

VE = v= (c;,a^e + CM- (46) 

This is a gauge symmetry of the Yang-Mills Lagrangians/^ and yields the well-known 
Noether identity 

KA^r - dx{Si)]Cu = 0. 
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IV. REDUCIBLE GAUGE THEORIES 



Recall that the notion of a reducible Noether identity has come from that of a reducible 
constraint/^ but it involves differential relations. 

Definition 7: A complete Noether operator A 96 (27) and the corresponding Noether 
identity (26) are said to be N-stage reducible {N — 0,1, . . .) if there exist vector bundles 
Ek and differential operators A^, A; = 0, . . . , A^, such that: 

(i) Afc is a linear differential operator on the density-dual of E^^i with values in 
the density-dual E\ of E^, where E^i — E; 

(ii) Afc 9^ for all A; = 0, . . . , N; 

(iii) Afc o Ak-i ?a for all A; = 0, . . . , A^, where A_i = A; 

(iv) if A'fc is another differential operator possessing these properties, then it factors 
through Afe on-shell. 

In particular, a zero-stage reducible Noether operator is called reducible. In this case, 
given bundle coordinates (x^, y'^,^^) ^* (^^1 V^i C") on Eq, a differential operator Aq 
reads 

Ao= E KflsrC^- (47) 

0<|S|<mo 

Then the reduction condition Aq o A pa takes the coordinate form 

E Kfdd E K^'VAdr^^O, (48) 

0<|S|<mo 0<|A|<m 

i.e., the left hand-side of this expression takes the form 

E Kfyi:iCi^, 

0<m<mo+m 

where all the coefficients M*^^ belong to the ideal II- 

Definition 8: A complete gauge symmetry v ^ (24) is said to be A^-stage reducible if 
there exist vector bundles E^ and differential operators v^, k — 0, . . . , N, such that: 

(i) v'^ is a linear differential operator on the vector bundle E^ with values in the vector 
bundle Ek-i] 

(ii) ^0 for all A; = 0, . . . , A^; 

(iii) v''~^ o for all k — 0, . . . , N , where v^, k — —1, stands for v; 
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(iv) if v'^ is another differential operator possessing tliese properties, tlien v'^ factors 
through on-shelL 

Theorem 9: A gauge symmetry v is A^-stage reducible iff so is the associated Noether 
identity. 

Proof: The proof follows at once from Theorem 16 and Proposition 17. Let us put = 
r){v^), k = 0, . . . , N. If ■u'^' ~ 0, then r]{v'') ^ because is a differential ideal. By the 
same reason, if v^~^ and obey the reduction condition v'^~'^ o v'' ^ 0, then 

The converse is justified in the same way. The equivalence of the conditions in items (iv) 
of Definitions 7 and 8 is proved similarly to that in Proposition 6. 



V. GRADED LAGRANGIAN SYSTEMS 

Recall that, by virtue of Batchelor's theorem, any graded manifold {X, Ql) with a body 
X is isomorphic to the one whose structure sheaf 21q is formed by germs of sections of the 
exterior product 

AQ* = Reg*eAQ*e---, (49) 

XXX 

where Q* is the dual of some real vector bundle Q ^ X of fiber dimension m. In field 
models, a vector bundle Q is usually given from the beginning. Therefore, wc consider 
graded manifolds (X, 21q) where Batchelor's isomorphism is fixed, and call (X, Stg) the 
simple graded manifold constructed from Q. The structure ring Aq of sections of 21q 
consists of sections of the exterior bundle (49) called graded functions. Given bundle 
coordinates {x^, q"') on Q with transition functions g'" = p^q^, let {c"} be the corresponding 
fiber bases for Q* — > X, together with transition functions c'" = p^c^. Then [x^, c") is called 
the local basis for the graded manifold {X, 21q) . With respect to this basis, graded functions 
read 

m 1 

f —f • • • c"* 

k=0 ^■ 

where fai-a^ local smooth real functions on X, and we omit the symbol of the exterior 
product of elements c". 
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Given a graded manifold (X, let IiAq be the ^Q-module of Z2-graded derivations 
of the Z2-graded ring Aq, i.e., 

uiff) = uif)f' + (-i)W]fuif'), u e Mq, /, /' e Aq, 

where [.] denotes the Grassmann parity. Its elements are called Z2-graded (or, simply, 
graded) vector fields on (X, 21q). Due to the canonical splitting VQ = Q x Q, the vertical 
tangent bundle VQ Q of Q ^ X can be provided with the fiber basis {da} which is the 
dual of {c"}. Then a graded vector field takes the local form u — u^d\ + u^-da, where u^, 
are local graded functions. It acts on Aq by the rule 

u{fa..MC'' ■■■C')= U'dx{fa...by ' ' ' c' + u'^fa^M (c" • • • c') . (50) 

This rule implies the corresponding transformation law 

Then one can show^'^^ that graded vector fields on a simple graded manifold can be repre- 
sented by sections of the vector bundle Vq — > X which is locally isomorphic to the vector 
bundle AQ* (Q ®x TX). 

Using this fact, we can introduce graded exterior forms on the simple graded manifold 
{X, 21q) as sections of the exterior bundle A Vq, where Vq ^ X is the A(5*-dual of Vq. They 
are characterized both by the Grassmann parity and the familiar form degree. Relative to 
the dual local bases {dx^} for T*X and {dc^} for Q* , graded one-forms read 

where dx^ are even and dc^ are odd. The duality morphism is given by the interior product 

Graded exterior forms constitute the bigraded differential algebra (henceforth BGDA) Cq 
with respect to the bigraded exterior product 

A 0' = (-i)\t>m+m4>']^' A 0^ 0^ 0' e c*q, 

and the exterior differential 

d(0 A 0') = d(l)A(l)' + (-l)l'^l0 A d^', 0, 0' e C*n. 
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Since the jet bundle .r'Q ^ X of a vector bundle Q ^ X is a vector bundle, let us 
consider the simple graded manifold (X, Stjrg) constructed from J^Q — >■ X. Its local basis 
is {x^,c\}, < |A| < r, together with the transition functions 

c'aV = ^A(plci), = 9, + ^ cl^^dt, (51) 

|A|<r- 

where the graded derivations are the duals of c\. Let C*jrQ be the BGDA of graded 
exterior forms on the graded manifold (X, Slj^g). A linear bundle morphism 7r^_]^ : J'^Q — > 
J^~^Q yields the corresponding monomorphism of BGDAs Cjt-iq — > C*jrQ- Hence, there is 
the direct system of BGDAs 

Its direct limit C^Q consists of graded exterior forms on graded manifolds (X, Slji g), r G N, 
modulo the pull-back identification, and it inherits the BGDA operations intertwined by 
the monomorphisms vr^_i*. It is locally a free C°°(X)-algebra locally generated by the 
elements (1, cj^, dx^, 9\ = dc\ — c^^j^dx^), < |A|, where and are odd. 

In order to regard even and odd dynamic variables on the same footing, let F ^ X 
be hereafter an afiine bundle, and let V^Y C 0*^Y be the C°°(X)-subalgebra of exterior 
forms whose coefficients are polynomial in the fiber coordinates on jet bundles J^Y X . 
This notion is intrinsic since any element of 0*^Y is an exterior form on some finite order 
jet manifold and all jet bundles J^F X are affine. One can think of the GDA V^^Y as 
being the BGDA whose elements are even. Let us consider the product 

S*JQ■,Y]^ClQ^VlY (53) 

of bigraded algebras C^^Q and Vl^Y over their common graded subalgebra 0*X of exterior 
forms on X.^ It consists of the elements 

Y.'^i®(t>i. Y.(t>i®^h i^&c*^Q, 0ep^y, 

i i 

modulo the commutation relations 

ij^(f>^{-iy^\\'f'\(f>0ij, ^eC*^Q, (j>eV*^Y, (54) 

(V'A(7)<g)0 = V® (<7A0), aeO*X. 

These elements are endowed with the total form degree l'?/'®^! = and the total 

Grassmann parity [ip ^ (f)] = . Their multiplication 

(V' <® 0) A </>') := (-l)l'^'ll^'(V' A «) (0 A 0'). (55) 
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obeys the relation 

A = (_1)I<.II^'I+M[^V' A ^' e S*JQ; Y], 



and makes (53) into a bigradcd C^(X)-algebra. For instance, elements of the 

ring S^[Q; Y] are polynomials of odd and even y\ with coefficients in C°°{X). 
The algebra S^[Q; Y] is provided with the exterior differential 

d(V'®0):=(rfcV')®0+(-l)I^IV'®(f^P0), V'eC (56) 

where dc and rfp are exterior differentials on the differential algebras C^Q and V^Y, 
respectively. It obeys the relations 

d{ip A if') ^ dip A if' + (-l)l'^l(^ A dip', ip, ip' e S*^[Q; Y], 

and makes S^[Q; Y] into a BGDA, which is locally generated by the elements 

(1, cl, yl dx\ ei = del - cl+Adx\ ei = dyi - yi+Adx^), < |A|, 

where 0% are odd and y\, dx^, 0\ are even. The cohomology of its de Rham complex 

Q^R^Sl[Q;Y]^Sl[Q-Y]---^Sl[Q;Y\^--- (57) 

equals the de Rham cohomology H*{X) of X.^ We agree to call elements of S^[Q; Y] the 
graded exterior forms on X. 

Hereafter, let the collective symbols s"^ and 9^ stand both for even and odd generating 
elements c^, y\, 9\, 9\ of the C°°(X)-algcbra SlJ\Q\ Y] which, thus, is locally generated by 
(1, si, dx^, 9i), |A| > 0. Since si = d^s^ and 9i = dsf + s^^j^dx^, the BGDA S*^[Q; Y] is 
completely specified by the elements s^ together with their transition functions. Therefore, 
we agree to call {s"^} the local basis for S^[Q; Y]. 

Similarly to 0*^Y, the BGDA S*^[Q; Y] is decomposed into S^Q; r]-modules S^^[Q; Y] 
of fc-contact and r-horizontal graded forms together with the corresponding projections 
and h"^ . Accordingly, the exterior differential d (56) on S^[Q;Y] is split into the sum 
d = dn + dv of the total and vertical differentials 

dH{<l>) = dx^ A dx{<l>), dv{<f>) ^9iA di<f>, e S*JQ; Y]. 

The projection endomorphism g of S^[Q; Y] is given by the expression 

Q-Eh^hkoh-, E(-l)'^'^^A[dA(9^j0)], 0e5>°'"[g;y], 

fe>0 0<|A| 
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similar to (9). The graded variational operator 6 = g o d is introduced. Then the BGDA 
S^IQ; Y] is split into the Z2-graded variational bicomplex analogous to the above mentioned 
variational bicomplex of O^Y. 

We restrict our consideration to the short variational sub complex 

^ R ^ S'JQ; Y] ^ S'J[Q; y] • • • ^ S'^^[Q; Y] ^ (58) 
and the subcomplex of one-contact graded forms 

^ [Q;Y]^Sl^'[Q;Y]...^ [Q;Y]^B,^ 0, (59) 
of the BGDA S^[Q; Y]. They possess the following cohomology.^ 

Theorem 10: The cohomology of the complex (58) equals the de Rham cohomology H*{X) 
olX. 

Theorem 11: The complex (59) is exact. 
One can think of the elements 

L = £6ue5^"[g;F], 5L = ^^A£acu- ^(-l)'^I^^AdA(aiL)a;eEi (60) 

0<|A| 

of the complexes (58) - (59) as being a graded Lagrangian and its Euler-Lagrange operator, 
respectively. The components £a of 5L are graded variational derivatives. 

By virtue of Theorem 10, every 5-closed graded Lagrangian L (60) is the sum 

(t^^i^ + dni, ieSl^-'[Q-Yl (61) 

where ip is a, non-exact n-form on X. 

The global exactness of the complex (59) at the term Sl^[Q] Y] results in the following.^ 

Proposition 12: Given a graded Lagrangian L — Cuj, there is the decomposition 

dL = 5L-dH^, Se5^"-Mg;y], (62) 
S = E ^ F^'^'-'^'^X: FT-"' = dT-^'J^ - dxF^'^-"^ + HT-"': (63) 

s=0 

where local graded functions h obey the relations h'^ = 0, h'^^'^'^k-i)---^i _ q 

Proposition 12 states the existence of a global finite order Lcpagean equivalent = 
S-l-L of any graded Lagrangian L. Locally, one can always choose 5 (63) where all functions 
h vanish. 
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VI BRST SYMMETRIES 



A graded derivation ■& e DiS^fQ;!'] of the IR-ring <S^[(5;y] is said to be contact if the 
Lie derivative preserves the ideal of contact graded forms of the BGDA <S^[(5; Y\- With 
respect to the local basis {s^^} for the BGDA «S^[(5; Y\, any contact graded derivation takes 
the form 

^ = + = ^ + {^^dA + E dK^^d\) , (64) 

|A|>0 

where tuple of graded derivations {dx, d^} is defined as the dual of the tuple {dx^, ds"^} 
of generating elements of the 5^ [Q; F] -algebra 5^[(5;y], and -(9^, i!}"^ arc local graded 
functions.'^ The interior product and the Lie derivative L^0, (p e S^[Q; Y], are defined 
by the same formulae 

= ^Va + (-l)[^-lt9^0A, e Sl[Q; Y], 
^\ (0 A a) = im A a + {-l)\^\+lt>m<p A (^Ja), 0, a G S*JQ; Y], 
L^(P ^^\d(P + d{^\(P), L^(0 A a) = L^(0) A (J + (-Ijl^H-^V A L^((j), 

as those on a graded manifold. One can justify that any vertical contact graded derivation 
■J? (64) satisfies the relations 

i^\dH(l>^-dHm), U(dH(t>)^dH(U(l>), (l> e S*JQ;Y]. (65) 

Proposition 13: It follows from the splitting (12) that the Lie derivative L^L of a Lagrangian 
L along a contact graded derivation 'd (64) fulfills the first variational formula 

L^L = ^v\5L + dH{,ho{^\'^L)) + dv{'dH\uj)C, (66) 

where S^^S + Lisa Lepagean equivalent of L given by the coordinate expression (63).^ 

A contact graded derivation is said to be variational if the Lie derivative (66) is dn- 
exact. A glance at the expression (66) shows that: (i) a contact graded derivation •& is 
variational only if it is projected onto X, (ii) 'd is variational iff its vertical part is 
variational. 

Therefore, we restrict our consideration to vertical contact graded derivations 

^ = E dKV^'di, (67) 

0<|A| 
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where the tuple of graded derivations {d^} is defined as the dual of the tuple {6^} of 
contact graded forms. Such a derivation is completely determined by its first summand 

V = v^(x^, si)dA, < |A| < k, (68) 

which is also a graded derivation of S^[Q;Y]. It is called the generalized graded vector 
field. A glance at the first variational formula (66) shows that -d (67) is variational iff v\SL 
is dij-exact. 

A vertical contact graded derivation i? (67) is said to be nilpotent if 

K{Kcf>) = Y: (yid^i^M + (-l)[^""^"li;ii;f a|ai)0 = (69) 

|S|>0,|A|>0 

for any horizontal graded form (p e S^[Q; Y]. One can show^ that i) is nilpotent only if it 
is odd and iff the equality 

Mv^)= E vEdB{v^)=0 (70) 

|E|>0 

holds for all v^. 

Example 5: Let F — X be an affine bundle, L (4) a Lagrangian of a gauge theory on Y 
and V (24) its gauge symmetry where E = Y xV is the pull-back onto F of a vector bundle 

V ^ X coordinated by {x^,^"^). Let us consider the BGDA S^[V;Y] = C^V A V^Y 
possessing a local basis {d",y^}. Let L G be a polynomial in y\, < \L\. Then it is 

a graded Lagrangian L e V^Y C S^\V] Y] in iS^[K; Y]. Since E ^ Y is the pull-back 
bundle, a gauge symmetry v (24) gives rise to the generalized vector field ve = v oji E, 
and the latter defines the generalized graded vector field v (68) by the formula 

E vl'^{x\f^y^d,. (71) 

0<|S|<m 

It is easily justified that the vertical contact graded derivation i9 (67) generated by v (71) 
is variational for the graded Lagrangian L. It is odd, but need not be nilpotent. However, 
one can try to find a nilpotent contact graded derivation generated by some generalized 
graded vector field 

v= J2 vi.^ldi + u'-dr (72) 

0<lA|<m 

which coincides with -& on V^Y. In this case, the nilpotency conditions (70) read 

E E + E dK{u^)vi^'' = 0, (73) 

S S A A 

E(E^AK'^cyaf + d^{u')d!^)u'^ = (74) 

A S 
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for all indices j and q. They are equations for graded functions e Since these 

functions are polynomials 

= ^.[o) + E ^a^cf + E «S5.^ryr: + ' • • (75) 
r ri,r2 

in c%, the equations (73) - (74) take the form 

E ME v^cQ E dfivl'^^K + E MuhK'^ = 0, (76) 
s s A A 

E^aKm2))^^''' = 0, (77) 

A 

EE^A(^;fc&)af4_,)+ E ciA(i.[^))a^J„) = 0. (78) 

A S m+n— 1=A; 

One can think of the equalities (76) and (78) (and. consequently, the nilpotency conditions 
(73) - (74)) as being the generalized commutation relations and generalized Jacobi identi- 
ties of gauge transformations, respectively.-*^^ For instance, let us consider a gauge system 
on a principal bundle and the generalized vector field v (44) in Example 4. Following 
the procedure above, we replace parameters ^"^ and with the odd ghosts and C^, 
respectively, and obtain the generalized graded vector field 

V = {ciy.C^ + C{- a;C^, - C^a^,M + {Afvf'C'^ - ^^^1)3^ + ClC>^d^ (79) 

such that the vertical contact graded derivation (67) generated by v (79) is nilpotent. In 
the case of the vertical gauge symmetry (46) , we obtain the familiar BRST transformation 

^ = {Vyf^' + ^I)^' - ^^If'C'^Qr (80) 

of Yang-Mills theory. 

Generalizing Example 5, we describe BRST symmetries in a general setting as follows. 

Let Sl^[Q\Y\ be the BGDA (53) and L e 5^"[g;F] a graded Lagrangian. We agree 
to call generating elements of S*^Q\Y\ the fields. Let F — > X be a vector bundle 
coordinated by [x^^^J). By analogy with Y\ we consider the BGDA 

sixQy\y\-cixQ^y\^vu, (8i) 

whose local basis is {s^, c*"}. Obviously, L is also a graded Lagrangian in S*^JfiV\ Y\. Let 

^= Y,{d^v^d^^-rd^v^d^) (82) 

0<|A| 
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be a graded contact derivation of the M-ring ^^[QV^;!^] generated by an odd generalized 
graded vector field 

V = v'^Oa + v^'dr (83) 
whose restriction to S^[Q; Y] is hnear in c^, i.e., 

^= E c'EVr'Hx\si)dA + v'dr. (84) 
0<|S|<m 

If ■»? (82) is variational for L and nilpotent, we say that v (84) is a BRST symmetry of 
L. Following the terminology of BRST theory, we agree to call generating elements d of 
S*[QV;Y] the ghosts. 

VII. NOETHER'S SECOND THEOREM II 

In order to introduce Noether identities in the case of BRST symmetries, let us extend 
the BGDA S*[QV]Y] (81) to the BGDA 

5^[QFV; YQ*] = C*JQ xrxV]AV*jYx g*], (85) 

where Q* is the density-dual of Q and Y* is the density dual of the vector bundle Y ^ X 
which the affine bundle Y is modelled on (e.g., y = y if y is a vector bundle). The local 
basis for the BGDA 5^[gy V; YQ*] is {s^, c\ sa}- Following the terminology of the field- 
antified BRST theory, we call generating elements sa of S^[QY*V;YQ*] the antifields. 
Their Grassmann parity is [sa] — {[s"^] + l)mod2. 

The BGDA S^[QY*V;YQ*] (85) is provided with the Koszul-Tate differential defined 
as the nilpotent contact graded derivation 

5 = E d'^^'d^eA, (86) 

0<|A| 

where £a are the graded variational derivatives (60) and the tuple of graded right derivations 
d is the dual of the tuple of contact graded forms {^aa}, i-e., 

where multi-indices S and A are regard modulo permutations. Because of the expression 
(60) for 5L, it is convenient to describe the Koszul-Tate differential as a graded derivation 
acting on graded functions and forms 4> on the right by the rule 

5{cj))^dcj)[5 + d{cj)l5), 5(0 A 0') = (-1)[<^'%) A</)' + 0A5(/'). 
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Definition 14-' Given a graded Lagrangian L G S^[Q;Y] C S^[QY*V;YQ*] (60), we say 
that its Euler-Lagrange operator 6L (60) obeys a Noether identity if there exists a 5-closed 
even graded density 

A^c'ArU^ ^ c'Af^\x\si)sAAOoeS'j'[QY*V;YQ*], (87) 

0<|A|<m 

which is hnear both in ghosts and antifields sa and their jets s\a- The above mentioned 
Noether identity reads 

5iA)^c'[ Yl A;^'%£:> = 0. (88) 

0<|A|<m 

Then Noether's second theorem for BRST symmetries is formulated as follows. 
Theorem 15: If v (84) is a BRST symmetry of a graded Lagrangian L, then 

A = r^{v)= c'r^{v)^'''-SKAUJ, (89) 

0<|A|<m 
0<|E|<m-|A| 

is a 5-closed graded density (87). Conversely, if a 5-closed graded density A (87) exists, the 
generalized graded vector field 

v^r^iA)^ Y: c^vi^)f'^dA, (90) 

0<|S|<m 

rj{A)^'^ = Y (-l)l^+^IC|gU|dEA,^.-+^ 

0<|S|<m-|A| 

generates a contact graded derivation (82) which is variational for the graded Lagrangian 
L, but it need not be nilpotent. The relations (2) hold. 

Proof: The first summand of the generalized vector field (84) defines the graded function 
v= Y c^vf'^{x\si)sAeS*jQQ*V;YY*], (91) 

0<|S|<m 

and vice versa. Then the proof follows from Theorem 18 in Appendix B. By virtue of this 
theorem, the graded function (91) yields the graded density (89). Since the graded density 
v\SL is dij-exact, we obtain the equality 

5{v}SL) ^S{r){v)) = 0. 
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Conversely, the graded density (87) yields the graded function (91) where v^'^ = r){A)^'^. 
Since A (87) is 5-closed, we have 

0<|A|<m 0<|A|<m 

X] CsL'^'^f^o; + dncr — v\5L-\- dncr, 

0<\E\<m 

i.e., the graded contact derivation generated by v (90) is variational for L. Due to the 
equality (32), the relations (2) hold. 

Bearing in mind the field-antifield BRST theory and BV quantization, the Noether 
identity (88) can be rewritten as follows. Let us consider the BGDA S^[QY*V;YQ*V*] 
possessing the local basis {s^, d', sa, c^}, where even elements Cr are called antighosts of the 
ghosts d. Clearly, the graded density A (87) is an element of S;^[QY*V;YQ*V*]. Then 
this BGDA is provided with the contact graded right derivation 

= E ''^dj,SA+ d """-dAAr), (92) 

0<|A| 

where the tuple of graded right derivations d is the dual of Oat- It is easily justified that 
the graded density A (87) obeys the Noether identity (88) iff the graded right derivation 
6c (92) is nilpotent. It is the extension of the Koszul-Tate differential (86) to antighosts. 
For instance, the graded density A is always 5c-exact. 



VIII. REDUCIBLE BRST SYMMETRIES 

The notion of a reducible Noether identity in Section IV is straightforwardly generalized 
to BRST symmetries, but we formulate it in terms of the Koszul-Tate differential. We say 
that the Noether identity (88) is V-stagc reducible if the following conditions hold. 

(a) There exists a set of vector bundles V_i = V,Vo, . . . ,Vn over X, and we consider 
the BGDA 

Km = (93) 
5^[gFVvi...v2.-i...F;...F;,...;vgVo...v2....rF;...F;,_i...]. 

It possesses a local basis 

{s^,SA,c^c'■^...,c''^,c^,c^o,...,c^^}, [c'''=] - A;mod2, (94) 
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where c'''= and called the A;-stage ghosts and antighosts, respectively.. 

(b) The BGDA (93) contains the graded density A (87) and a set of even graded densities 

A(fe) = c^'^Ar.u; = Yl c^'Kl-''^^^ 4)cAr,.,u;, k^O,...,N, (95) 

A 

such that the contact graded derivation 

Sn^ Y.(d ''^dASA+ d ^'-dAAr+ d ""'"dAAr, + ---+d ^^"(iAA,,) (96) 

0<1A1 

is weakly nilpotent, i.e., 5iv((^Ar(/)) is 5-exact for any graded function / e 5^{A'"}. This 
nilpotency condition is equivalent to the requirement that all the compositions 

Y.c^^All'^'^d^iJ2A;i-_:f-Cr,_,), k=l,...,N, (97) 

S A 

are 5-exact. The graded derivation 6n (96) is called the N -stage Koszul-Tate differential. 

(c) No graded density A, A(fc), /c = 0, . . . , iV, is (5-exact. Let VJ, . . . , V^f be another set 
of vector bundles such that 14'<jv contains T4 as a direct summand. Then the corresponding 
BGDA S*^{N'} (93) contains the graded densities A (87), A(fc) (95), A; = 0, . . . , iV, and it 
is provided with the contact graded derivation 'En (96). If there exists another set A^^^, 
k — 0, ...,A^', of graded densities obeying the conditions in item (b), then any graded 
density A'^^.^ of this set is ^^v-exact. 

Note, that following the arguments in Section III, one can say that the Noether identity 
(88) is complete if it obeys the condition (c). 

If the Noether identity (88) is reducible, the associated ERST symmetry (90) is reducible 
as follows. 

Let us consider the BGDA 

= S*JQQ*VV*V,V* . . . V2k-iV,l_, . . . ; YY*VoV* . . . V^kV,*, . . .], (98) 

possessing the local basis {s^^, sa, c^, c^°, . . . , c^^, c^, c^q, . . . , Cr^}- By virtue of Theorem 18, 
each graded density A(fe) (95), A; = 0, . . . , A?", defines the graded function 

and, consequently, the generalized graded vector field 

V(k) = E c^v{^ik))?r'^dr,_, e 5^({Ar}, (99) 
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which yields a contact graded derivation of the BGDA iSg^jA^}. Similarly to the proof of 
Theorem 9, one can show that they possess the following properties. 

(a') Contact graded derivations '& and 'd(^k) generated by the generalized graded vector 
fields V (90) and v^k) (99) are not weakly 5-exact, i.e., i?(/) and ■i^(k){f) are not 5-exact for 
some graded function / G 5^{A^}. 

(b') Contact graded derivations generated by the generalized graded vector fields 

5:dA(Ec^°^(A(o));f)r?(A);^'^a^, (100) 

A S 

E^A(E4''^(^'c));:-^)^(A(fe_l));--X-., k = i,...,N, (101) 

A H 

are weakly 5-exact. This condition can be reformulated as follows. Let us consider the 
BGDA 

S*^[QQTVV^ . . . V2k-i ...Vl..Vl,.. .■,YYQ*Vo ...V^u- ■ .Tv\ . . .Vl,_, . . .] 

whose basis consists of elements (94) and the elements s'^ associated to the additional 
bundles Q and Y. Let us replace the generalized graded vector field v (90) with 

v'= Y: cM^)^'^{^\si)d'^, (102) 

0<|H|<m 

where the graded derivations 9^ are dual of the basis elements s'^. Then the contact graded 
derivation generated by the generalized graded vector field 

vn^v' + V(o) H h V(^N) (103) 

is weakly nilpotent. 

(c') Let V]^' be the generalized graded vector field (103) defined by the graded densities 
A^;,) in item (c) above. Then there exists some generalized graded vector field u such that 
Vn/ — ['U,-L'7v] is weakly 5-exact. 

Conversely, one can show the following. Let v (90) be a ERST symmetry of a graded 
Lagrangian L. Let us assume that there exists a set of generalized graded vector fields 

v(k) = E c?<--=9.,_, e Sl{N}, (104) 

which obey the conditions in items (a') - (c'). Then the graded density (15) defines a 
complete reducible Noether identity where the graded densities 

A(.) = Ec'''=^(^w)::r^'^^''4)SA.,_, 

A 
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obey the conditions in items (a) - (c). 

In contrast with the generalized graded vector field vj^ (103), the contact graded deriva- 
tion generated by the generalized graded vector field v + t;(o) + ■ ■ ■ + V(n) need not be 
weakly nilpotent. Its extension to the nilpotent one provides a BRST symmetry of the 
field-antifield BRST theory whose Lagrangian depends on ghosts and antifields. 



APPENDIX A 

A /c-order differential operator on a fiber bundle Y ^ X with values in a fiber bundle 
Z ^ X \s defined as a section A of the fiber bundle J^Y x Z — > J^Y . It admits an m-order 

X 

jet prolongation A*^™) as a section of the fiber bundle 

jm+ky X j^z J'^+^Y. 

X 

By a differential operator throughout is meant its appropriate finite order jet prolongation. 
Given bundle coordinates {x^,y'') on Y and {x^,z"^) on Z, a differential operator A reads 

z^oA^A^{x\yi), o A^"*) = dsA^, < |A| < A;, < |S| < m. 

If Z is a composite fiber bundle tt o ttzy : Z ^Y ^ X and the relation t^zy o A = tTq 
holds, a differential operator A is identified to a section of the fiber bundle J^Y x Z — > J^Y 

Y 

or, equivalently, a bundle morphism J^Y Z. 

Let E ^Y and Q — > ^ be vector bundles. A /c-order Q-valued differential operator v 
on — > X is called linear on ^ y (or, simply, linear) if v : J^E — > Q is a morphism 
of the vector bundle J^E J^Y to the vector bundle Q ^Y over tTq : J^Y Y. Given 
bundle coordinates {x^,y^,^'^) on E and (x'^,y*,g") on Q, such an operator is represented 
by the function 

v = v''qa= E y^'^^^VEKUa^OliExQ*], 0<|E|<m. (105) 

0<|A|<m ^ 

Let us consider the density-dual E* (1) of a vector bundle E ^Y and that Q* of Q ^ Y 
coordinated by {x^,y^,q^). Let A be a linear £^*-valued differential operator on Q* . It is 
represented by the density 



A = A,fa;= E A,»'^(a;\ y^g^X^ e ©^'^[E x Q*], < |S| < m. (106) 

0<|A|<m 
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Theorem 16: Any linear Q-valued differential operator v (105) on E yields the linear E*- 
valued differential operator 

ri{v)^ E vW^KaC^. (107) 

0<[A|<m 

riivTr''- E (-l)'"^"'qaA|^-K'"^^)> 
0<|S|<TO-|A| 

on Q* . Conversely, any linear £'*-valued differential operator A (106) on Q* defines the 
linear Q- valued differential operator 

r/(A)= E vWr'^ilqa, (108) 

0<|A|<m 

0<|E|<m-|A| 

on E. The relations (2) hold. 

Proof: The function v (105) defines the density 

^= E <'^a^a^eo^"[Exg*]. (109) 

0<|A|<m 

Its Euler-Lagrange operator 

8{y) = Eidy'^ A a; + Erd^"^ A a; + £°'dq^ A a; 
takes its values in the fiber bundle 

V*iExQ*) ® AT*X, (110) 

Y ExQ* 

Y 

where V*(E x Q*) is the vertical cotangent bundle of the fiber bundle ExQ* X. Let 

Y Y 

aE -.V^ExQ*) ^V*{ExQ*) ^V*E (111) 

be the canonical projection of V*{E x Q*) onto the vertical cotangent bundle Vy{E x Q*) 
of the fiber bundle E x Q* ^ Y and, afterwards, onto the vertical cotangent bundle V^E 

Y 

of £■ — > y. Then we obtain a differential operator (ckb o S){v) on E x Q* with values in the 

n 

fiber bundle V^E^AT*X. It reads 

E 



{aEo5){v)^£rdi'®uj^ E (-l)l^l(^A«'^gJrfe 

0<|A|<m 
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where {dC,^} is the fiber basis for VyE — > E. Due to the canonical isomorphism VyE — 
E* X E, this operator defines the density 

0<|A|<m 

and, by virtue of the formula (30), the desired differential operator (107). Conversely, the 
Euler-Lagrange operator of the density (106) takes its values in the fiber bundle (110) and 
reads 

S{v) = Sidy' A a; + SrdC A a; + S^dq^ A u. (112) 

In order to repeat the above mentioned procedure, let us consider a volume form Juj on X 
and substitute dq^ Acu = Jdqa A u) into the expression (112). Using the projection 

aq : V*{E x Q*) ^ V^Q* 
similar to cke (111) and the canonical isomorphism VyQ* — Q x Q*, we come to the density 

Y: {-ly^WiA^r'^nqaJujeO'^^iExQ*] 

0<|A|<m ^ 

and, hence, the function 

Y: (-l)l^ldA(A,"'V)?a e OUe X Q*], 

0<|A|<m ^ 

defining the desired operator (108). The relations (2) result from the relation (32). 

Relations (2) show that the intertwining operator 1] (107) - (108) provides a bijection 
between the sets DiS{E,Q) and DiS{Q* , E*) of differential operators (105) and (106). 

Proposition 17: Compositions of operators v ov' and A' o A obey the relations (3). 

Proof: It suffices to prove the first relation. Let v o v' E DiS{E',Q) be a composition of 
differential operators v e DiS{E,Q) and v' e Diff (£",£"). Given fiber coordinates (^^) on 
E ^Y, (e^) on £" — > y and (g„) on Q* — > Y, this composition defines the density (109) 

^ = E<'^^A(E<'''4)ga^- 
A S 

Following the relation (29), one can bring this density into the form 

E A E A 
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Its Euler-Lagrange operator projected to VyE' ® T*X is 

E' 

S A S A 

that leads to the desired composition r){v') o r]{v). 

APPENDIX B 

The following is a graded counterpart of Theorem 16. 

Let T ^ X and 1^ ^ X be vector bundles, W* the dual of W , and W* the density- 
dual (1) of W . Given the BGDA S^J^Q; Y] (53), let us consider its extensions to a BGDA 
iS^[T, 1^*] with the local basis {s^^f'^Wa}-, where elements f and Wa are either even or 
odd, and to a BGDA (S^[T, W*] possessing the local basis (s^^, f ,Wa}, where [wa] = ([wa] + 
l)mod2. 

Theorem 18: Given a graded function 

^= E tlv^A^\si)w,eSl^[T,W*], (113) 

0<|A|<m 

linear in t\ and Wa, there exists a graded density 

0<|A|<m 

0<|S|<m-|A| 

linear in and w\a- Conversely, such a density 

A= ^ rA;!'^WA„a; (115) 

0<|A|<m 

defines the graded function 

77(A) = «A)^'Ve<S^[T,iy*], (116) 

0<|A|<m 

,7(A)^'^ = E (-i)i^+^iq'aA|^E(A."'^+^), 

0<|S|<m-|A| 

linear in t\ and Wa- 
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Proof: The graded function v (113) defines the graded density 

^= E fAV^'\x\si)waU;eSl[T,W*]. 

0<\A\<m 

Its Euler-Lagrange operator S{v) (60) contains the summand 

Sre''AuJ= E (-1)'^'^' AdA«'%«)cU, 
0<|A|<m 

which defines the graded density 

E (-l)l^lrdA«'^W„)u; 

0<|A|<m 

owing to the canonical isomorphism V*T — T* xT. Using the relation (30), we come to 
the formula (114). The converse is proved similarly to the proof of Theorem 16. 
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